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Abstract Delta progradation over segmented two‐slope bedrocks is prevalent in nature, where the
bedrock slope upstream or downstream of the slope‐break knickpoint is steepened by continued tectonic
uplift or subsidence. Understanding the morphodynamics of the most common types of delta in different
slope settings is important for interpreting the observed delta progradation into reservoir and predicting
delta evolutions under future tectonic/climate scenarios or anthropogenic interventions. Here, we present
an experimental and analytical study demonstrating the morphological responses of Gilbert‐type and
hyperpycnal deltas to variations of bedrock slopes. Steepening the upstream slope accelerates shoreline
migration; steepening the downstream slope decelerates shoreline migration. In either case, the subaqueous
volume is enhanced yet the subaerial volume is reduced. Both types of delta exhibit self‐similar
morphologies when evolving over segmented bedrocks. Hyperpycnal deltas, through enhanced sediment
fluxes driven by dense underflows, develop larger subaqueous volumes. We further demonstrate the
underlying self‐similarities in sediment flux and bed growth rate that come into play for attaining the
self‐similar morphologies. The combined effect of flowrate (Q) and sediment supply rate (I) may be
characterized by a dimensionless Q/I ratio. Increasing Q/I advances the entire delta. For Gilbert deltas,
shoreline migration accelerates with Q/I. For hyperpycnal deltas, shoreline migration exhibits a
“first‐accelerate‐then‐decelerate” trend with Q/I in a limited range of slope combinations close to the
single‐slope setting, indicating that the effect of Q/I emerges only when the two‐slope effect is weak or
absent. Away from this near‐single‐slope range, the two‐slope effect becomes dominant, thus suppressing
the effect of Q/I.

1. Introduction

A delta is a depositional feature that develops where a sediment‐laden river (alluvial or bedrock) enters a
basin, such as lake or reservoir, and loses its sediment transport capacity. This study focuses on delta evolu-
tions in bedrock rivers. The longitudinal profile of a delta consists of a subaerial region above base level and a
subaqueous region below base level, separated by a shoreline (Figure 1). Supplied by the sediment yields of
seasonal high‐flow events (Amos et al., 2004; Uchida et al., 2018), the supply‐limited sediment transport
drapes deltaic deposits over the bedrock channel both upstream and downstream of the advancing shoreline
(Figures 2a and 2b). Upstream, aggradation of topset drives headward migration of bedrock‐alluvial transi-
tion. Downstream, sediments transported to shoreline allow progradation of foreset into the basin (Muto,
2001). In cases where the wave and tidal forcings are negligible, along the foreset sediment transport is
driven by either (1) gravitational avalanching (Figure 2a) if the entering flow is lighter than the receiving
basin (hypopycnal) or neutrally buoyant (homopycnal) or (2) plunging underflow (Figure 2b) if the turbid
inflow is heavier than the ambient (hyperpycnal) (Lai & Capart, 2007).

For homopycnal or hypopycnal flows, a sudden reduction in tractive force is experienced at the shoreline
(Lai & Capart, 2007), giving rise to a steeply sloping foreset governed by angle‐of‐repose avalanching of
coarser sediment (Figure 2a), rendering the finer suspended fractions to settle out further downstream as
a bottomset. Such deltas, along with their topset‐foreset‐bottomset structure, are well known as Gilbert‐type
deltas (Gilbert, 1890). In this study, we focus on deposition of relatively coarse sediment along the topset and
foreset, neglecting bed elevation change due to finer suspended sediment settling out as bottomset. For
hyperpycnal flows, the denser turbid inflow will plunge down the bottom of the basin and continue its path
in the form of density current (Figure 2b). Since density stratification suppresses turbulent entrainment,
such density current tends to keep its identity instead of fully mixing with the overlying ambient,
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allowing the turbidity current to travel over a longer distance. The along‐bed deposits contribute to foreset
progradation. Thus, hyperpycnal deltas are characterized by longer and milder foresets than their Gilbert‐
type counterparts (Kostic et al., 2002).

The bedrock channels over which deltas develop may have uniform or gradually varying slopes or exhibit
segmented bottom profiles marked by distinct slope‐break knickpoints (Figure 1). Bedrock channels can
accommodate changes in tectonic forcing by adjustment of bed slope and formation of knickpoint

Figure 1. (a) Peyto delta (Banff National Park, Canada): longitudinal profile of Gilbert‐type delta (based on data from Smith & Jo1, 1997, and Chikita et al., 1996),
and Google Earth image of topset and shoreline; (b) Tarbela delta (upper Indus River, Pakistan): longitudinal profile of hyperpycnal delta (modified from Ahmed &
Sanchez, 2011), and Google Earth image of topset and shoreline.

Figure 2. Definition sketches of Gilbert delta (a and c) and hyperpycnal delta (b and d): (a, b) longitudinal profile of delta
evolving over segmented two‐slope bedrock; (c, d) scaled (normalized) dimensions of self‐similar delta profile over seg-
mented two‐slope bedrock. See text for notations.
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(Ahmed et al., 2018; Kirby & Whipple, 2012; Whipple et al., 2013). Two field examples are given here
(Figure 1). The Peyto Creek delta (Banff National Park, Canada) is a small Gilbert‐type delta developing over
the bedrock of a glacially deepened valley (Smith & Jo1, 1997). Upstream of the knickpoint the bedrock dips
at 20°, as opposed to the mild bedrock downstream of the knickpoint. The delta is ~1,000 m long and 750 m
wide at the lake, forming a gravel valley‐fill confined by steep valley sides (Figure 1a). Ground‐penetrating
radar facies reveal the topset beds having a slope of 1.1°, foresets having a slope of 25°, and fine‐grained
bottomset beds. In contrast, the reservoir‐infilling Tarbela delta (upper Indus River, Pakistan) is a hyperpyc-
nal delta developing over a bedrock with steeper upstream basement (Ahmed & Sanchez, 2011). The delta is
mainly composed of sand and silt (Figure 1b), transported in the form of turbidity current by summer runoff
from snow and glacier melt. Progradation of foreset was faster than expected (World Commission on Dams,
2000). In 2006 the foreset front reached a point 11 km away from the dam, threatening the low‐level outlets
and power plant that could be blocked by liquefied sediment induced by earthquakes common in this region
(Ahmed & Sanchez, 2011).

Despite being prevalent in nature, progradation of delta over segmented bedrocks has remained largely
unexplored until recently. Lai, Hsiao, and Wu (2017) presented an experimental and analytical study inves-
tigating the longitudinal profiles of Gilbert deltas evolving over segmented bedrocks with unequal upstream
and downstream basement slopes. They demonstrated that the scaled profiles of an evolving delta collapse to
a single profile, allowing the analytical self‐similar profiles to be used for studying the morphological
responses to variations of basement slopes. Steepening the upstream or downstream slope increases the
subaqueous delta volume yet reduces the subaerial volume. These findings may carry important implica-
tions for delta progradation into reservoir over segmented bedrocks where the upstream or downstream
slope is steepened by tectonic uplift or subsidence.

As mentioned above, Gilbert and hyperpycnal deltas develop through different mechanisms, and exhibit
different morphologies particularly over the foreset. It is, however, still unclear as to whether the observed
morphological responses of Gilbert deltas to variations of bedrock slopes apply also to hyperpycnal deltas.
For example, it is unclear why progradation of hyperpycnal delta into the Tarbela Reservoir was faster than
expected despite that the average sediment inflow was lower than predicted (World Commission on Dams,
2000). The following research questions remain to be asked. (1) Would a hyperpycnal delta also exhibit
self‐similar morphologies when evolving over segmented bedrocks? (2) Would a delta need to exhibit
self‐similar sediment flux and bed growth rate in order to maintain the self‐similar morphology? (3)
Under identical slope, flow and sediment conditions, what are the morphological responses of hyperpycnal
deltas relative to those of Gilbert deltas? (4) What is the combined effect of flow and sediment supply on pro-
gradation of delta in different slope settings? (5) Would this combined effect be similar in Gilbert and hyper-
pycnal deltas? Answering these questions would provide useful information for interpreting progradation of
delta into a basin under different tectonic and climatic forcings and anthropic disturbances. To this aim, we
perform an experimental and analytical study to investigate the morphodynamics of Gilbert and hyperpyc-
nal deltas evolving over segmented bedrock channels.

This paper is structured as follows. In section 2, we summarize the analytical and experimental methods
used. In section 3, the delta morphologies under different slope settings, flow, and sediment supply
conditions are compared and the underlying self‐similarities are discussed. In section 4, two types of phase
diagram for morphological features of Gilbert and hyperpycnal deltas are presented and their practical
implications are discussed, followed by the conclusions reported in section 5.

2. Methods
2.1. Analytical Approaches

The analytical approaches used in this study include: Part 1: morphodynamic model of Gilbert delta; Part 2:
morphodynamic model of hyperpycnal delta; Part 3: along‐delta sediment flux and bed growth rate. The full
derivations of these analytical approaches are provided in the supporting information. For Part 1, the
geomorphic actions of fluvial flow over the topset are modeled as a single‐diffusion process while the
bedrock‐alluvial transition and shoreline are treated as two moving boundaries (Figure 2a). This has been
presented previously (Lai, Hsiao, &Wu, 2017), thus is only briefly summarized (Text S1). For Part 2, the geo-
morphic actions of turbid streamflow over the topset and dense underflow over the foreset are modeled as a

10.1029/2018WR023824Water Resources Research

LAI ET AL. 3691



two‐diffusion process with two moving boundaries (Figure 2b). This is one contribution of this work. We
extend the analytical framework of Lai and Capart (2009) by incorporating the two‐slope setting (Text S1).
A similarity solution for the evolving delta profile z(x,t) is obtained following a scaling approach used in
the prior works (e.g., Capart et al., 2007; Lai & Capart, 2009; Lai, Hsiao, & Wu, 2017; Lorenzo‐Trueba
et al., 2009; Voller et al., 2004), which may be expressed in a general form:

z x; tð Þ=
ffiffiffiffi
It

p
¼ f x=

ffiffiffiffi
It

p� �
(1)

where I is the volumetric sediment supply rate per unit width (Figures 2a and 2b); x=
ffiffiffiffi
It

p
¼ xð Þ and z=

ffiffiffiffi
It

p

¼ zð Þ are, respectively, the scaled (normalized) horizontal coordinate and bed surface elevation
(Figures 2c and 2d). Equation (1) indicates that the length and height of the delta evolve according to the
self‐similar profile governed by the dimensionless shape function f xð Þ and time‐varying length scale

ffiffiffiffi
It

p
.

Equation (1) is used to examine the self‐similar profiles of the evolving delta observed in each experiment.
The scaled positions of bedrock‐alluvial transition and shoreline, s 1ð Þ tð Þ= ffiffiffiffi

It
p ¼ λ 1ð Þ and s 2ð Þ tð Þ= ffiffiffiffi

It
p ¼ λ 2ð Þ ,

and scaled profile of the evolving delta, z x; tð Þ=
ffiffiffiffi
It

p
¼ f xð Þ, are time‐invariant under constant boundary con-

ditions (including I and base level). It follows that the migration rates of bedrock‐alluvial transition and
shoreline, ds(1)/dt and ds(2)/dt, and the local bed growth rate ∂z/∂t are all varying as a function of 1=

ffiffi
t

p
,

implying that the growth of delta would slow down with time.

In our analytical model and flume experiments (Figures 2 and 3) the base level is fixed and aligns with the
origin (slope‐break knickpoint). Such boundary condition allows us to derive an analytical solution using
the similarity structure and to reveal the self‐similar morphology of an evolving delta. Without such simpli-
fication, the geometric complexities would demand a numerical solution in place of a transparent, analytical

solution. Alternatively, the base level could be varied in proportion to the time‐varying length scale
ffiffiffiffi
It

p
, and

a much complicated analytical solution can be derived following a previous case study that considered delta
progradation into a breached lake (Capart et al., 2007). Both of the above options are, however, out of the
scope of this study, which is to demonstrate the self‐similar morphologies, sediment fluxes, and bed growth
rates of Gilbert and hyperpycnal deltas evolving over segmented bedrocks. The analytical model based on
ideal assumptions may not be directly applicable to many real‐world problems. However, it provides a valu-
able tool for gaining physical insights and shedding new light on key morphological processes. Moreover,
the results associated with constant base level may well approximate those observed in such natural settings
where the base level change is slow in time or small in amplitude (Chavarrias et al., 2018).

Last, as a continuous profile of sediment flux along the delta is hard to measure experimentally, using the
observed or analytical delta profile to reconstruct the along‐delta sediment flux can be a useful approach.
For Part 3, the following formula (see Text S2 for derivation) is used to reconstruct the normalized profile

of sediment flux j ¼ j s; tð Þ=I at location s using each delta profile z(x,t):

j ¼ 1þ z s; tð Þ−z0 sð Þ½ �s
2I

−
1
It
∫
s

−∞ z x; tð Þ−z0 xð Þ½ �dx (2)

where z0 is the elevation of bedrock; z− z0 is the thickness of bed sediment. The normalized differential sedi-
ment flux ∂j=∂x is then used to evaluate the normalized bed growth rate ∂z=∂t (Text S2), as expressed by

∂z=∂t ¼ −∂j=∂x (3)

where ∂z=∂t ¼ ∂z=∂tð Þ=
ffiffiffiffiffiffi
I=t

p
. The along‐delta profiles of sediment flux and bed growth rate are used to

examine whether these underlying self‐similarities do exist in evolving deltas.

2.2. Experiments

Flume experiments are performed to observe the evolution of delta morphology over segmented bedrock
channels having different combinations of upstream and downstream slope angles (θ1, θ2). Figure 3 is the
experimental setup, which consists of a water tank 1.8 m (length) by 20 cm (width) by 65 cm (height) and
an internal sediment flume 1 cm in width. The sediment flume is composed of acrylic bedrock floor and
sidewalls. The bedrock floor is replaceable for different (θ1, θ2). A thin layer of sediment is glued on the
bedrock floor to create suitable roughness. An overflow weir is used to maintain a constant water level. A
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conveyor‐belt sand supplier and a constant‐head saline supplier are installed above the tank; a drain system
for the sediment‐laden dense underflow and freshwater overflow is installed at the downstream end. For
Gilbert delta experiments, saline is replaced with freshwater, and the drain for the sediment‐laden
underflow is not used.

Before each run, the sediment flume was fixed on an aluminum support and partly immersed. To be consis-
tent with the base‐level setting of the analytical model, the water level was set to align with the slope break of
the bedrock. Steady unit discharge Q and sediment influx I were supplied. A saturated brine with density
ρin = 1,200 kg/m3 was used as a surrogate for the mud‐rich turbidity current (e.g., Foreman et al., 2015;
Lai & Capart, 2007; Lai et al., 2016; Lai, Hung, et al., 2017; Métivier et al., 2005). Ottawa standard sand (med-
ian size d50 = 0.17 mm, density ρs = 2670 kg/m3, and in‐water angle of repose ϕ = 36°) was used, which pro-
vided coarse‐grained material for delta deposits. Fluorescent dye was added to saline for visualization of
underflows; coal ash was sprinkled from the upstream at constant intervals to visualize the stratigraphy of
delta deposits (Figures 4a–4c and 5a–5c). Time‐lapse photography was used to monitor delta evolutions,
with images acquired every 5 s using a digital single‐lens reflex camera. Each run lasted for 1,700 s before
the length of delta exceeded the extent of the flume. Delta profiles were extracted by digitizing the images
and converting pixel to physical coordinates using a calibrated linear transform.

Two series of experiments, a total of 18 runs were performed (Table 1), Series H and G stand for hyperpycnal
and Gilbert delta experiments, respectively. Three slope settings were used: (1) steeper upstream slope,
(θ1, θ2) = (20°, 10°); (2) equal upstream and downstream slopes (i.e., single‐slope setting),
(θ1, θ2) = (10°, 10°); (3) steeper downstream slope, (θ1, θ2) = (10°, 15°). For each slope setting, we performed
a set of three runs with a high Q/I ratio (=28.5 ± 0.8), a medium Q/I ratio (=18.3 ± 0.2), and a low Q/I ratio
(=9.6 ± 0.4). These experiments were designed to investigate the effects of (θ1, θ2) andQ/I ratio on hyperpyc-
nal and Gilbert deltas. The slope angles used are consistent with the reported range (1°− 38°) for the bedrock
rivers in mountain areas (Montgomery & Buffington, 1997) and bedrock channels in coastal badlands
(Howard & Kerby, 1983).

Figure 3. Experimental setup for hyperpycnal delta evolving over segmented two‐slope bedrock with different upstream
and downstream basement slopes.
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It should be noted that the Q/I ratios used in our experiments (about 10, 20, and 30) are aimed to create
supply‐limited conditions; that is, the sediment supply rate I is less than the transport capacity associated
with the flowrate Q, so that sediment will not deposit before reaching the aggrading delta. These Q/I ratios
are smaller than typical values of Q/I (≫100) observed in many supply‐limited rivers (Carraro et al., 2018;
Lanzoni et al., 2006). The smaller values of Q/I would only accelerate the buildup of delta without affecting

Figure 4. Gilbert deltas (Runs G1‐M,G2‐M, and G3‐M) in different slope settings under constantQ/I ratio (=18.3 ± 0.2): (a–c) photographs showing delta profiles at
the end of runs (t = 1,700 s); (d–f) theoretical and experimental profiles of evolving deltas.

Figure 5. Hyperpycnal deltas (Runs H1‐M, H2‐M, and H3‐M) in different slope settings under constant Q/I ratio (=18.3 ± 0.2): (a–c) photographs showing delta
profiles at the end of runs (t = 1,700 s); (d–f) theoretical and experimental profiles of evolving deltas.
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the underlying physical processes because, even if the flows are transcritical (see Table 1 for Froude numbers
over topset and foreset), deltas are long diffusion waves of bedform so that propagation of hydrodynamic
fronts is too fast to be affected by sediment transport (Lanzoni et al., 2006; Sun et al., 2002).

3. Results and Discussion

In this section we investigate the results of Gilbert and hyperpycnal delta experiments regarding: (1) the
morphological response to variation of upstream or downstream slope; (2) the self‐similarities in evolving
delta morphology, sediment flux and bed growth rate; and (3) the morphological response to variation of
Q/I. The experimental observations are also compared with the theoretical results.

3.1. Two‐Slope Effects on Gilbert and Hyperpycnal Deltas

Figures 4a–4c and 5a–5c are photos showing the profiles of Gilbert and hyperpycnal deltas at the end of runs
in various slope settings (under constantQ/I ratios). Gilbert deltas are characterized by a sloping foreset held
at the angle of repose, with a distinct toe observed at the front. For hyperpycnal deltas, no distinct toes were
observed since the dense underflows transported sediment over longer distances. The deltaic responses to
steepening of upstream and downstream segments are asymmetric (Lai, Hsiao, & Wu, 2017). Take the
single‐slope experiment (Run G2‐M, H2‐M) as the reference case, steepening the upstream slope would
accelerate shoreline migration (Run G1‐M, H1‐M), whereas steepening the downstream slope would decele-
rate shoreline migration (Run G3‐M, H3‐M). In either case, the subaqueous delta volume is increased in
compensation for the reduced topset dimensions.

The observed evolving profiles of Gilbert and hyperpycnal deltas are in good agreement with the theoretical
profiles (Figures 4d–4f and 5d–5f), including the aggrading topsets and prograding foresets. In particular,
the significant difference between the foresets of Gilbert and hyperpycnal deltas is well captured by the
theory. The observed effects of upstream and downstream basement slopes on the migration rates of
bedrock‐alluvial transition and shoreline are captured as well. Also observed are the decreasing trends of

shoreline migration rate and bed growth rate as a function of 1=
ffiffi
t

p
, in agreement with the theory (see

section 2). Figure 6 shows the experimental and theoretical trajectories of the two moving boundaries.
Compared to the single‐slope reference case (Figure 6b), steepening the upstream slope (Figure 6a) causes
the shoreline to migrate farther downstream while restricts the headward migration of bedrock‐alluvial
transition. Steepening the downstream slope (Figure 6c), however, suppresses both boundary migrations.

Table 1
Summary of Experimental Conditions (18 Runs)

Type of delta Run θ1 (deg) θ2 (deg) Q (mm2/s) I (mm2/s) Q/I (‐) Fr1 (‐) Fr2 (‐)

Hyperpycnal H1‐H 20 10 272.7 9.88 27.6 2.09 0.97
H1‐M 20 10 141.6 7.75 18.3 1.24 0.65
H1‐L 20 10 70.7 7.40 9.6 0.71 0.62
H2‐H 10 10 217.8 7.76 28.1 1.67 0.78
H2‐M 10 10 140.0 7.71 18.2 1.23 0.64
H2‐L 10 10 71.1 7.14 10.0 0.72 0.62
H3‐H 10 15 266.1 9.13 29.1 2.04 0.95
H3‐M 10 15 147.8 8.01 18.5 1.29 0.67
H3‐L 10 15 73.0 7.81 9.3 0.74 0.64

Gilbert G1‐Ha 20 10 275.0 9.57 28.7 2.11
G1‐Ma 20 10 140.0 7.64 18.3 1.23
G1‐La 20 10 75.8 7.94 9.5 0.76
G2‐Ha 10 10 275.0 9.57 28.7 2.11
G2‐Ma 10 10 138.8 7.49 18.5 1.21
G2‐La 10 10 76.0 7.91 9.6 0.77
G3‐H 10 15 219.0 7.68 28.5 1.68
G3‐M 10 15 141.7 7.85 18.1 1.24
G3‐L 10 15 72.0 7.45 9.7 0.73

Note. Fr1 and Fr2 are Froude numbers over the topset and foreset, respectively.
aData from Lai, Hsiao, and Wu (2017).
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Figure 6. Theoretical and experimental trajectories of two moving boundaries: (a) Runs G1‐M and H1‐M (θ1 = 20°,
θ2 = 10°), (b) Runs G2‐M and H2‐M (θ1 = θ2 = 10°), and (c) Runs G3‐M and H3‐M (θ1 = 10°, θ2 = 15°; s(1)(t)= evol-

ving position of bedrock‐alluvial transition, and s(2)(t)= evolving position of shoreline).

Figure 7. Scaled profiles of evolving Gilbert and hyperpycnal deltas showing the morphological self‐similarity in different
slope settings under constant Q/I ratio (=18.3 ± 0.2): (a) Runs G1‐M and H1‐M; (b) Runs G2‐M and H2‐M; (c) Runs G3‐M
and H3‐M.
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In either case, the decrease in topset length s(2)(t) − s(1)(t) (see Figure 2 for notations) is particularly evident
for hyperpycnal deltas.

3.2. Self‐Similar Morphology, Sediment Flux, and Bed Growth Rate

To examine whether an evolving delta would exhibit self‐similar morphologies, in Figure 7 we show the
scaled profiles of Gilbert and hyperpycnal deltas in different slope settings (under constant Q/I). For each
case considered, the scaled profiles of an evolving delta (from t1 to t4) collapse to a single theoretical profile,
indicating that a morphological self‐similarity is established consistently. Such self‐similar profiles allow for
a comparison of the results associated with different types of delta, different slope settings, or different Q/I
ratios. For example, compared to the single‐slope reference case (Figure 7b), a steeper upstream slope sup-
presses the headward expansion of topset in both types of delta (Figure 7a). A steeper downstream slope
exerts a particularly significant effect on hyperpycnal deltas, enhancing the development of foreset at the
price of reduced topset dimensions (Figure 7c). Due to the enhanced development of foreset in hyperpycnal
deltas, shoreline migrations are suppressed compared to the results observed in Gilbert deltas.

The along‐delta sediment fluxes j are evaluated with the integral formula, equation (2), using the experimen-

tal and theoretical delta profiles. The resulting profiles of j versus x for Gilbert and hyperpycnal deltas are
shown in Figure 8. Similar to Figure 7, for each case the scaled profiles of sediment flux collapse to a
single theoretical profile, indicating that a self‐similarity in sediment transport is established consistently.
At the shoreline, a break in sediment flux is present due to the transition from topset to foreset. Over the
topset, both Gilbert and hyperpycnal deltas exhibit mild declining trends. Over the foreset, however, declin-
ing trends become steeper, where fairly different profiles of sediment flux are observed in different types of
delta. Gilbert deltas have sediment fluxes declining linearly to zero, primarily attributed to the linear profiles
of foreset. Hyperpycnal deltas, in contrast, exhibit concave profiles of sediment flux declining more slowly
and asymptotically toward the distal pinch‐out, mainly due to the elongated, concave profiles of foreset.
At the distal pinch‐out, the discrepancy between the experimental and theoretical profiles may arise from
the digitization errors or mathematics itself. The digitization errors were especially significant for very thin
foreset fronts, as in Runs H1‐M andH2‐M (Figures 5d and 5e). These errors diminished for runs with thicker
foreset fronts, as in Run H3‐M (Figure 5f).

Figure 8. Scaled profiles of j ¼ j=Ið Þ versus x=
ffiffiffiffi
It

p
¼ xð Þ demonstrating the self‐similarity of sediment flux in different

slope settings under constant Q/I ratio (=18.3 ± 0.2): (a) Gilbert deltas (Runs G1‐M, G2‐M, and G3‐M); (b) hyperpycnal
deltas (Runs H1‐M, H2‐M, and H3‐M).
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We then use the profiles of j versus x and equation (3) to evaluate the scaled bed growth rates. The resulting

profiles of∂z=∂t versus x for different types of delta are shown in Figure 9. Similar to Figures 7 and 8, for each

case the experimental profiles of ∂z=∂t versus x collapse to a single theoretical profile, indicating that a
consistent self‐similarity in bed growth rate is established. In each subplot, the bed growth rate over topset
is nearly constant, leading to a quasi‐parallel aggradation of topset (as in Figures 4d–4f and 5d–5f). Over the
foreset, constant growth rates of Gilbert deltas are evidenced by parallel foreset progradation (Figures 4d–4f).
By contrast, the growth rates of foreset in hyperpycnal deltas decline rapidly toward the foreset front, giving
rise to a vanishingly small thicknesses toward the distal pinch‐out (Figures 5d–5f). For either type of delta,
however, across the shoreline a sudden rise in bed growth rate indicates that the primary area of deposition
and delta development is over the foreset, particularly in the nearshore zone. Compared to the single‐slope
case of hyperpycnal delta (Figure 9e), a steeper downstream slope promotes a more uniform bed growth rate
over the foreset (Figure 9f), achieved at the cost of a much reduced growth rate over the topset, which in turn
leads to a larger foreset, a smaller topset, and a slower shoreline migration (Figure 7c).

To facilitate a more straightforward comparison, the theoretical profiles given in Figures 7–9 are aligned on
the shorelines at a shifted origin xs ¼ 0 (Figure 10), where xs<0 is for topset, xs>0 is for foreset. This way the
responses of sediment flux and bed growth rate to slope variation become apparent. Compared to the single‐
slope case, a steeper upstream slope enhances the topset elevation growth rather than headward expansion
(Figures 10c and 10f) to increase the gradient of sediment flux (Figures 10b and 10e). By contrast, a steeper

Figure 9. Scaled profiles of∂z=∂t versus x=
ffiffiffiffi
It

p
¼ xð Þdemonstrating the self‐similarity of bed growth rate in different slope

settings under constant Q/I ratio (=18.3 ± 0.2): (a–c) Gilbert deltas (Runs G1‐M, G2‐M, and G3‐M); (d–f) hyperpycnal
deltas (Runs H1‐M, H2‐M, and H3‐M).
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downstream slope restricts the topset elevation growth and headward expansion such that the gradient of
sediment flux is reduced. These responses in the gradient of transport over the topset are attributed to the
shoreline migration rate, shown in Figure 7, where a steeper upstream slope accelerates shoreline
migration whereas a steeper downstream slope decelerates shoreline migration. Similar responses are also
observed in the foresets of Gilbert deltas and nearshore foresets of hyperpycnal deltas. Here, we
demonstrate the underlying self‐similarities in sediment flux and bed growth rate that come into play for
attaining the self‐similar morphology of an evolving delta, an argument that was raised yet untested in a
previous numerical study of sand‐ripple morphodynamics (Zgheib et al., 2018).

In response to steepening of upstream or downstream slope, the topset is shortened while the foreset is
lengthened consistently (Figures 10a and 10d). The resulting subaerial and subaqueous volumes Vt and Vf

are, respectively, smaller and greater than the corresponding values in the single slope. The flux j0 at the

shoreline is equal to the subaqueous volume Vf (Figures 10b and 10e), since j0 is the fraction of sediment
supply delivered to the foreset. The fluxes in the two‐slope settings are invariably greater than those in the
single slope. Among all cases with steeper downstream slope, the foreset of hyperpycnal delta exhibits the
greatest sediment flux, which results in a more uniform bed growth rate over the foreset (Figure 10f).

3.3. Effects of Q/I Ratio on Gilbert and Hyperpycnal Deltas

The effects of Q/I ratio on different types of delta are shown in Figure 11, where each subplot includes three
delta profiles associated with differentQ/I ratios. For Gilbert deltas, increasingQ/I advances the entire delta,
leading to a smaller topset length Lt and a greater subaqueous volume Vf (Lai, Hsiao, & Wu, 2017). These

Figure 10. Self‐similar profiles (from Figures 7–9) aligned on their shorelines at shifted origin xs ¼ 0: (a) and (d) delta
profiles, (b) and (e) sediment fluxes, (c) and (f) bed growth rates established in different slope settings under constant
Q/I ratio (=18.3 ± 0.2). Left column: Gilbert deltas (Runs G1‐M, G2‐M, and G3‐M); right column: hyperpycnal deltas
(Runs H1‐M, H2‐M, and H3‐M).
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effects are clearly demonstrated in Figures 12a–12c, where the increase of Q/I invariably accelerates the
migration of shoreline λ(2), reduces the topset length Lt, and increases the subaqueous volume Vf. For
hyperpycnal deltas, the effects of Q/I on Lt and Vf (Figures 12e and 12f) are similar to those observed in
Gilbert deltas (Figures 12b and 12c), while the effect on shoreline migration (Figure 12d) is different from
those observed in Gilbert deltas (Figure 12a). In the two‐slope settings, shoreline migration decelerates
monotonically with increasing Q/I (Figures 11d and 11f), whereas in the single‐slope setting shoreline
migration exhibits a subtle “first‐accelerate‐then‐decelerate” trend with increasing Q/I (Figure 11e).
Although very subtle, such trend does exist outside of noise and is only observed in hyperpycnal deltas,
present primarily in the single‐slope settings but also in the near‐single‐slope settings (see section 4.1 for
further discussion).

To further compare the morphological responses of Gilbert and hyperpycnal deltas, we show in
Figures 12g‐12i the agreement plots of shoreline λ(2), topset length Lt, and subaqueous volume Vf. The data
points in Figures 12g and 12h are all on the lower‐right side of the 1:1 line of perfect agreement, while those
in Figure 12i are all on the upper‐left side. Overall, Gilbert deltas exhibit faster shoreline migrations and
longer topsets, while hyperpycnal deltas exhibit greater subaqueous volumes. These results indicate that,
through the enhanced sediment flux driven by dense underflows, hyperpycnal deltas develop a greater
subaqueous component at the price of a reduced subaerial component.

4. Applications and Implications

Having validated the analytical model with a range of experimental data, here we use this model as a tool to
investigate comprehensively the effects of segmented bedrock slopes and Q/I ratio on the morphological fea-
tures of Gilbert and hyperpycnal deltas. The subaerial features studied include shoreline λ(2) and topset
length Lt, while the underwater feature studied is subaqueous volume Vf. Two types of phase diagrams
are presented. To be useful, the conditions used here (Q/I = 80 − 250, θ1 = 2° − 10°, and θ2 = 2° − 5°)
are comparable to those observed in many supply‐limited bedrock rivers. The parameter values used (i.e.,

Figure 11. Self‐similar profiles of delta showing the effects of Q/I ratio on Gilbert deltas (left column) and hyperpycnal deltas (right column) in different slope set-
tings: (a and d) θ1 = 20°, θ2 = 10°; (b and e) θ1 = θ2 = 10°; (c and f) θ1 = 10°, θ2 = 15°.
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diffusivities along the topset and foreset α1 = 0.8, α2 = 0.8) are well within the ranges determined from the
experiments (see Table S1 for model parameters).

4.1. Phase Diagrams of Shoreline λ(2) Versus Subaqueous Volume Vf

Figure 13 shows the phase diagrams of shoreline λ(2) vs. subaqueous volume Vf as a function of the upstream
and downstream slope angles (θ1, θ2) and Q/I ratio. In each panel, the upper half demonstrates the results
associated with increasing θ1, while the lower half demonstrates the results associated with increasing θ2.
In the upper half, θ2 remains as 2° when θ1 increases; in the lower half, θ1 remains as 2° when θ2 increases;
the interface between them represents the single‐slope setting (θ1, θ2) = (2°, 2°). For each combination
of (θ1, θ2), the Q/I ratio varies from 80 to 250. For illustration purposes, in each panel we show six
end members that correspond to the limiting values of (θ1, θ2,Q/I). These include two groups of delta
profiles: one along the small Q/I end, the other along the large Q/I end. Each group includes one delta
profile at the steeper upstream end, one at the steeper downstream end, and one at the single‐slope
interface. Note that in the upper half of Figure 13b, all the data points corresponding to different
(θ1,Q/I) collapse to the single‐slope interface. This arises because, as θ2 is fixed as 2°, the longitudinal
profiles of subaqueous delta components associated with different (θ1,Q/I) are all similar triangles set by
the angle of repose (see Figures 4d‐4e), thus Vf would be held proportional to λ(2). In Figure 13b, dif-
ferent shapes and brightness of the colored symbols are used to differentiate the data points that
correspond to different Q/I and θ1, respectively.

For hyperpycnal deltas (Figure 13a), the subaqueous volume Vf invariably increases with θ1, θ2, or Q/I.
Migration of shoreline λ(2) accelerates with θ1 but decelerates with θ2. The effect of Q/I ratio on shoreline
migration is, however, nonmonotonic. For θ1 > 2.5° or θ2 > 3°, shoreline migration decelerates with Q/I.
For a limited range close to the single‐slope setting, 2° < θ1 < 2.5° and 2° < θ2 < 3°, shoreline migration

Figure 12. Variations of morphological features with Q/I ratio in different slope settings: (a and d) scaled shorelines λ(2);
(b and e) scaled topset lengths Lt; (c and f) subaqueous volume fractions Vf; (g–i) comparison of λ(2), Lt, and Vf between
Gilbert and hyperpycnal deltas.
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exhibits a first‐accelerate‐then‐decelerate trend with Q/I, similar to those observed in Figures 11e and 12d.
The presence of this nonmonotonic trend in the near‐single‐slope settings indicates that the effect of Q/I
on shoreline migration emerges only when the two‐slope effect is weak or absent. Away from the near‐
single‐slope settings, the two‐slope effect becomes dominant, thus suppressing the effect of Q/I. For
Gilbert deltas (Figure 13b), however, monotonic trends are observed consistently. The subaqueous volume
Vf increases with θ1, θ2, or Q/I. Migration of shoreline λ(2) accelerates with θ1 or Q/I but decelerates with
θ2. These trends corroborate the results observed in Figures 12a and 12c.

Figure 13. Phase diagrams of shoreline λ(2) versus subaqueous volume Vf as a function of the upstream and downstream slope angles (θ1, θ2) and Q/I. In the upper
half of panels (a) and (b), θ2 remains as 2° when θ1 increases; in the lower half of each panel, θ1 remains as 2° when θ2 increases; the interface represents the single‐
slope setting (θ1, θ2) = (2°, 2°). For each combination of (θ1, θ2), Q/I varies from 80 to 250. Also shown are six end members with limiting values of (θ1, θ2) and Q/I.
In panel (b), data corresponding to different (θ1,Q/I) collapse to the single‐slope interface.
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4.2. Phase Diagrams of Lt Ratio and Vf Ratio

To elaborate on the results shown in Figures 12h and 12i, here we compare Gilbert and hyperpycnal deltas in
terms of their topset lengths Lt and subaqueous volumes Vf. To this aim, we introduce two dimensionless
parameters, termed Lt ratio and Vf ratio, which are defined as follows:

Lt ratio ¼ Lt;hyperpycnal=Lt;Gilbert (4a)

Vf ratio ¼ Vf ;hyperpycnal=Vf ;Gilbert (4b)

where subscript indicates the type of delta. Phase diagrams of Lt ratio and Vf ratio are depicted in Figure 14
over a range of θ1 (2°− 10°) and θ2 (2°− 5°), for a lowerQ/I (=80) and a higherQ/I (=250). As can be seen, Lt
ratios are invariably smaller than unity whereas Vf ratios are consistently greater than unity. These corrobo-
rate the results shown in Figures 12h and 12i; that is, Gilbert deltas have a larger subaerial component than
their hyperpycnal counterparts, yet hyperpycnal deltas have a larger subaqueous component than their
Gilbert‐type counterparts.

With increasing Q/I, Lt ratios decrease from the range of values ~0.6 − 0.9 to ~0.05 − 0.7, while Vf ratios
increase from the range of values ~1.2 − 1.5 to ~1.3 − 1.8. Variations of Lt ratio are dominated by the down-
stream slope (revealed by the nearly vertical isolines), while variations of Vf ratio are dominated by the
upstream slope. Also, with increasing Q/I, the reduction of Lt ratio is more significant than the increase of
Vf ratio. Collectively these results indicate that, as Q/I ratio increases, hyperpycnal deltas exhibit a relatively
more drastic response in their subaerial component, which is dominated by variations of downstream
basement slope.

Figure 14. Phase diagrams of Lt ratio (Lt,hyperpycnal/Lt,Gilbert) and Vf ratio (Vf,hyperpycnal/Vf,Gilbert) as a function of the
upstream and downstream slope angles (θ1, θ2): (a, b) for a lower Q/I (=80); (c, d) for a higher Q/I (=250).
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4.3. Implications

The results presented herein carry practical implications for interpretation of the observed delta progradation
into reservoir and for prediction of delta evolutions under future tectonic and climate scenarios or anthropo-
genic interventions. For example, the phase diagram shown in Figure 13a indicates that variation of upstream
basement slope would reshape the delta profile such that the proportion of sediment deposits distributed in the
subaqueous component would increase with θ1. This may explain why progradation of hyperpycnal delta into
the Tarbela Reservoir was faster than expected even though the average sediment inflow was 64% lower than
predicted (World Commission on Dams, 2000). Located in a tectonically active region, the upper Indus River
is subjected to the increasing rate of tectonic uplift ranging between 4 and 10 mm/year (Korup et al., 2010;
Leland et al., 1998), which has steepened the bedrock slope upstream of the Tarbela Reservoir over the last
20Ma (Treloar et al., 1989).Continued uplift is further steepening the upstream segment, accelerating delta pro-
gradation and shorelinemigration into the reservoir (Figure 13a), reducing the reservoir capacity and threaten-
ing the low‐level facilities such as intake tunnels and outlets (Roca, 2012).

Themultipurpose Tarbela Reservoir was designed to regulate seasonal flows for irrigation, power generation
and flood control, with an ultimate aim of sustainable use. Reservoir operation may be optimized by
minimizing water shortage and maximizing economic benefits while enhancing the sustainability through
sediment evacuation (Khan & Tingsanchali, 2009; Roca, 2012; Tate & Farquharson, 2000). The optimal
operating rules are typically determined via simulations of system performance under projected climate,
land‐use, and development scenarios. A critical ingredient is the storage versus elevation curve to be
updated regularly by accounting for the accumulation of sediment (Dutta, 2016; Morris & Fan, 1998). In
this regard, the phase diagram shown in Figures 13a may be useful for determining the distribution of
subaqueous deposits and for predicting the morphological responses to alterations of natural and
anthropogenic conditions.

Several factors affect the streamflow, sediment supply, and delta progradation into the reservoir. These
include (1) tectonic uplift, (2) climate change, and (3) upstream reservoir facilities. The climatic impacts
on streamflow and sediment supply reflect directly on Q/I. Given that ~90% of the annual water and sedi-
ment inflows are contributed by summer runoff from snow and glacier melt (Ali & de Boer, 2007; White,
2001), changes in temperature, snow precipitation, and snow/ice cover would impact the melting rate,
streamflow, and sediment supply (Ali & de Boer, 2008). Simulation results under future climate scenarios
indicate a doubling of summer runoff by 2050 (Tahir et al., 2011). In the snow‐ and glacier‐fed subbasins
of the upper Indus River, increasing the discharges by a factor of 2 would increase sediment supplies by a
factor of 4.2 (Ali & de Boer, 2007), which in turn reduces the mean Q/I ratio by a factor of 2. Figure 13a indi-
cates that a decrease in Q/I is associated with a reduction in subaqueous volume Vf, while an increase in
upstream slope angle θ1 (by tectonic uplift) is associated with an increase in Vf. Hence, there is a possibility
that the uplift‐induced increase in Vf could be counterbalanced by the climate‐induced decrease in Vf. Phase
diagrams of this kind can help predict future trends of reservoir sedimentation in response to the
environmental changes.

Phase diagrams shown in Figure 14 can help predict the shift in delta morphology in response to the anthro-
pic disturbances. Construction of the Basha Reservoir 315 km upstream from the Tarbela represents a new
storage capacity and sediment trap that would alter the flow and sediment transport regimes. To be commis-
sioned after 2020, the Basha Reservoir will operate in series with the Tarbela. The time series of inflow and
water level in the Tarbela will change significantly, resulting in a 70% reduction of sediment inflow
(Annandale et al., 2016; Roca, 2012). With much of the sediment load and summer runoff trapped in the
Basha Reservoir, the Tarbela delta may transit from hyperpycnal to Gilbert‐type in response to the changes
in flow and sediment transport regimes (Lai & Capart, 2007). Figure 14 demonstrates the variation of Vf ratio
over a range of (θ1, θ2) with an increase in Q/I. Considering the impact of future climate and operation
scenarios on Q/I and steepening of upstream slope angle θ1 by tectonic uplift, phase diagrams of this kind
can help predict the trends of reservoir sedimentation where transition from hyperpycnal to Gilbert delta
(or vice versa) takes place.

It should be noted that the phase diagrams provided in Figures 13 and 14 present the morphological features
of delta under the given combinations of (θ1, θ2) and Q/I. These diagrams are meant to be used as a tool for
predicting the trend of shift in delta morphologies for the projected slope settings or Q/I ratios. In case these
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diagrams were used to predict the dynamic responses of deltas to changing tectonics or climate, the time-
scales of these forcings must be taken into consideration. For example, for tectonics to be strong enough
to change the bedrock slopes and steer the morphological shift, the deltaic timescale Tdmust be greater than
the tectonic timescale Tt, as suggested by Kim et al. (2010). Based on their approach, the tectonic timescale
can be evaluated with Tt= Sx/(Δσx/Lx), where Sx is the longitudinal bed slope,Δσx is the uplift or subsidence
rate over a longitudinal distance Lx. For the Tarbela delta shown in Figure 1b (Sx = 5.8 × 10−4,
Δσx= 4− 10 mm/year, and Lx= 20 km), the tectonic timescale would be ~1,000− 3,000 years. This estimate
of Tt is comparable to the tectonic timescale (2,200 years) estimated for the Ganges‐Brahmaputra‐Meghna
delta (Reitz et al., 2015) and consistent with the finding that tectonics control the fluvial erosion rate over
millennial to orogenic timescales (Koppes & Montgomery, 2009). It follows that, to be used to predict the
morphodynamic response to changing tectonics, our results would apply for deltaic processes with Td>
millennial timescale. Similarly, our results apply for deltaic processes with Td> centennial timescale when
used to predict the morphodynamic response to lower‐order climatic changes (Vandenberghe, 1995).

5. Conclusions

We investigate the morphodynamics of Gilbert and hyperpycnal deltas evolving over segmented two‐slope
bedrock channels. For both types of delta, the morphological responses to variations of the upstream or
downstream basement slope are asymmetric. Steepening the upstream slope accelerates shoreline migra-
tion, steepening the downstream slope decelerates shoreline migration. In either case, the subaqueous delta
volume is increased at the cost of reduced subaerial delta volume.

Through this study we seek to answer five research questions. First, hyperpycnal deltas, like Gilbert deltas,
exhibit self‐similar morphologies when evolving over segmented bedrock channels. Second, we demonstrate
the underlying self‐similarities in along‐delta sediment flux and bed growth rate that come into play for
attaining the self‐similar delta morphologies. Third, under identical Q/I, Gilbert deltas exhibit faster shore-
line migrations and longer topsets, while hyperpycnal deltas exhibit greater subaqueous volumes. These
results suggest that, through enhanced sediment fluxes driven by dense underflows, hyperpycnal deltas
develop a larger subaqueous component at the cost of a reduced subaerial component.

Fourth, Q/I ratio may be used to characterize the combined effect of flow and sediment supply. Increasing
Q/I advances the entire delta, leading to a reduced topset and an enhanced subaqueous component. Fifth,
the effects of Q/I on shoreline migration are inconsistent in different types of delta. For Gilbert deltas,
shoreline migration accelerates with Q/I. For hyperpycnal deltas, the effect of Q/I is nonmonotonic.
Within a limited range of slope combinations close to the single‐slope setting, shoreline migration exhibits
a first‐accelerate‐then‐decelerate trend with increasing Q/I. Such trend in the near‐single‐slope range indi-
cates that the effect of Q/I on shoreline migration emerges only if the two‐slope effect is weak or absent.
Away from this range, the two‐slope effect becomes dominant, thus suppressing the effect of Q/I.

As applications, two types of phase diagram are presented that may be used to predict the trend of shift in
delta morphologies under the projected slope settings orQ/I ratios. These results carry practical implications
for interpretation of delta progradation into reservoir and prediction of delta evolutions under future
tectonic and climate scenarios or anthropogenic interventions. A number of factors that are relevant to
delta morphodynamics and stratigraphy, such as channel avulsion, base level change, density stratification,
grain sorting, backwater, and wave/current dynamics are not incorporated and remain as prospective
research tasks.

Notation

d50 median grain size (L);
f xð Þ dimensionless shape function (scaled delta profile) (–);

I volumetric sediment influx per unit width (L2/T);
j; j0 scaled sediment flux (=j/I), and j at xs ¼ 0 (i.e., at aligned shorelines) (–);

Lt scaled topset length (–);
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Q water inflow per unit width (L2/T);
s(1)(t),s(2)(t) evolving positions of bedrock‐alluvial transition and shoreline (L);

t time (T);
Vf,Vt subaqueous and subaerial delta volume fractions (–);
(x,z) horizontal and vertical coordinates (L);
x; zð Þ scaled horizontal and vertical coordinates (–);
xs shifted x coordinate aligning the shorelines at xs ¼ 0 (–);

z0(x) elevation of bedrock basement (L);
α1,α2 dimensionless coefficients for diffusivities along the topset and foreset (–);
θ1,θ2 upstream and downstream basement slope angles (degree);

λ(1),λ(2) scaled positions of bedrock‐alluvial transition and shoreline (–);
ρin,ρs density of inflow, and density of sediment (ML‐3);

ϕ angle of repose (degree).
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