5. Energy Equation

1. Ideal fluid (372 7u#) : Ideal fluid is a fluid assumed to be "inviscid" (non-viscous
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Mathematically ©: 4 =0
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2. Distinctions between various fluids and flows( & F&i#% 57 itz & 3l) ¢

ONewtonian fluid (ryx = ,ud—uj

Non-Newtonian fluid

@Incompressible fluid (£ = const.)
Compressible fluid

®Steady flow (% = 0]

Unsteady flow
@Irrotational flow (Q = 0)

Rotational flow

®ldeal fluid (Inviscid fluid, Non-viscous fluid) (1=0)
Real fluid (Viscid fluid, Viscous fluid)

®Laminar flow (& jiv)
Turbulent flow (#" 7iv)

3.1-D Euler's Eqn. (along the streamline)

Horiz. datum plane

Fig. 5.1



M % Inviscid fluid (#=0)  — No viscous force(& % ~ EFFF e ¥ 1)
— M 3lehd D @Pressure » @Gravity
OPressure force .
P-dA—(P+dP)iA=-dP-dA
@Gravity force -
dW=pg-dA-ds

Streamline dir. . —dW -sin@ =-p g- dA-ds-%
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=—pgdAd:z
®F =ma,
F.=(-dP-dA-pg-dA-dz)
m=p-dA-ds

a :V-fl—V (Recall Chap.3)

s
A

—dP-dA—pg-dA-dz:(p-dA-ds)(V-cji—V}
s

—dP-pg-dz=pV-dV

— d—P+g-dz+V-dV=0
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or ar +dz+ v =0 1-D Euler's eqn. (along the streamline)
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For Incompressible fluid: (p=const.)

2
d (i +z+ V—j =0
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4. Bernoulli's Eqn. along the Streamline
Integrating 1-D Euler's eqn. (along the streamline)
P V? . :
—+z+ T = constant = H Bernoulli's eqn. (along the streamline)
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OAssumptions(i& ? ## ) I @u=0 (Inviscid fluid) % 72 ;8%
@ p=const. (Incompressible fluid)
®Along the streamline (1-D)
@steady flow
Bernoulli’s eqn. is a useful relationship between P » V' » and z.
where H =Total head (4%-k 58)

P pressure head (B-7 -k #8)
4

z=elevation head (3 f -k 98)

2
Z— =velocity head (i -k 58)
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5. Energy line (EL) and Hydraulic Grade line (HGL)

Energy line
(EL)

Hydraulic -}
grade line ™ |
(HGL)

Horiz. datum plane

Fig. 5.2

@ Energy line (EL)= Total head line (™ ? Stagnation Tube= 2l)
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@Hydraulic grade line (HGL) = Piezometric head line (@ ? Piezometerz :2l)

(f + zj 4=z it % (& % piezometric head or hydraulic head)
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6. Work-Energy Equation

J Horizontal datum N

Fig. 5.8

®Mechanical work-energy principle:

(Heat transfer and internal energy are neglected.)

dW =dE
where dW =the work done on a fluid system
dE = the change in P.E. and K.E. of a fluid system
L W _dE
dt dt
OFor steady flow and incompressible fluid:
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aw
@ I . Two parts
(1) Surface forces: <i> Normal: pressure (V')
<ii> Shear: friction (%)
Z—Vf = ﬁ(—pdﬁ) % (Power = F V)
=PAV, - PAYV,

=0(A-P)

w
——=—0r E;

(2) Mechine work: Turbine r

Pump a;i_l/;/ =+Qy E,

Where E, =energy extracted by turbine per unit weight of fluid
E, =energy added by pump per unit weight of fluid

aw _ dE
dt  dt
=0 -P)+(Qy E,-Qy E;)

=Qy (5—&j+Q7 (E, —E;)
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P V2 P 189
—L 4z +1+E,=-2+z,+—2+E,| Work-Energy Equation
Y 2g 4 2g
t-1b
0y (B orE)
Power: =h U.S. units
Power 550 D ( )
J
Q7 (ET OrEP)*
S —kw (SI units)
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7. 3-D Euler's Equation

py+Ay :py +%dy

P +%dz = Poin:

z y \1//
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o =p, + 2ax
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S
p, Jax .

Without viscosity (No shear)
- Only Pressure (normal stress) and gravity (body force)

oP AP
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®F =ma, =(pdxdydz)a,

—dedydz—pgdxdydz
oz

pa ——ﬁ—p =p uﬂ +v§w+wﬂw+§w
=T PF ox oy "oz ot
By AT
g = pPu__ P
pa, Dt P P&,
_ Dv_OP
pa, = D ov P8,
L _ Dw_ 0P _ JP_
pa, Dt P 8. o7 Pg
et g=gitg jrak g, =g, =0°g=-¢
, | DV _ :
% Euler's Eqn. i 5\ pE =-VP+pg | Eqn.of Motion (or Momentum eqn.)

= can slove
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and

1 continuity eqn. —+—+
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for ideal and incompressible fluid

4 unknowns - u ~v ~w~ P

3 eqns. of motion (x ~ y ~z 2 %)
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8. Bernoulli's Eqn. in flowfield

Integrating Euler's eqn. for incompressible fluid and steady flow
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= Integration :
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®Bernoulli's eqn. (any two points in flowfield) valid for ® =0 (Euler's eqn.)
@ p=const
Osteady flow

@irrotational (2 =0)



® If rotational » only valid when (vdz—wdy)=(wdx—udz):(udy—vdx)= 0

= ax = 4 = dz (streamline function)
u voow

= Bernoulli's eqn. only valid along streamline in rotational flows.



5. Energy Equation for Ideal Fluid

1. Ideal fluid (@Z"E;\}ﬁ%) . Ideal fluid is a fluid w"inviscid"
(i.e., non-viscous) JEFLEMERAE

Mathematically : z=0

— Question: B2 BIEEIERE ?
Answer:
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2. 1-D Euler's Eqn. (along the streamline)

Euler (Swiss, 1707-1783)

Horiz. datum plane

Fig. 5.1




R K& Inviscid fluid (# = 0) — No viscous force(FEFTZ EELATEIMES] 7)
— FTZFRYS] © OPressure » @Gravity

® Pressure force :

P.dA—(P+dP)dA=—-dP-dA

@ Gravity force :

dwW = pg-dA-ds

Streamline dir. : —dW -sind =—p g-dA-ds-gZ
S

=—p g-dA-dz

® F,=m-a
F,=(-dP-dA—pg-dA-dz)

m=p-dA-ds
dav
a; =V “ds (Recall Chap.3)
dv
—-dP.-dA-p g-dA~dz=(p-dA-ds)[V-dS]
—dP-pg-dz=pV -dV

- d—F)+g-dz+V~dV=0
P

dP dv?
or [—+dz+——=0 1-D Euler's eqn. (along the streamline)

P9 29

For incompressible fluid: ( o =const.)




3. Bernoulli's Eqn. along the Streamline

Integrating 1-D Euler's eqn. (along the streamline)

2
—+27+4+ — =constant = H ‘
4 29 — ;
Bernoulli (Swiss, 1700-1782)

Bernoulli's eqn. (along the streamline)
© Assumptions CEAEA) : © u=0 (Inviscid fluid) BAERE
@ p=const. (Incompressible fluid)

® Along the streamline (1-D)

@ steady flow

Bernoulli’s eqn. is a useful relationship between P > V > and z

where H =Total head (4&/K5H)

L pressure head (BR}J7KEH)
/4

z = elevation head (5E/K5H)

2

\2/7 = velocity head (ZEE /KEH)
g




4. Energy Line (EL > §5&%%) and Hydraulic Grade Line (HGL - 7K J73[%4R)

Energy line
(EL)
i f
Hydraulic -3 E
grade line [ g
(HGL) ‘.
&

Horiz. datum plane + .

@ Energy line (EL) = Total head line (F]FJStagnation TubeZ )

2
PV | mpnzme
4 29

@ Hydraulic grade line (HGL) = Piezometric head line
(A] FiPiezometer & Al)

P \
( + Z] WEF1 > 4% (T8 Fspiezometric head or hydraulic head)
Yy




Applications of Bernoulli’s Equation (BE)

Type 1: Manometer (B JJ5T)
BE

Type 2: Manometer (BZJJ5T)
CE

BE

Type 3: CE
BE

5. Work-Energy Equation (Zh-§E FFER)
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® Mechanical work-energy principle:

(Heat transfer and internal energy are neglected.)
dW =dE

where dW = the work done on a fluid system

dE = the change in P.E. and K.E. of a fluid system

dw _dE
dt  dt

@ For steady flow and incompressible fluid:

dE
o ﬁepv -dA

C.S. 1 2

E Emv +mgz 2

where e=—= =" 4qz
m m 2
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P[222+gzz)VA p[vz+gzl)V1A1
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©) d:;/ : Two parts

(1) Surface forces: <i> Normal: pressure (v)

<ii> Shear: friction (%)
aw _ ﬁ(_ pdA)-V  (Power = F-V)
C.S

= I:’1 A1V1 - Pz szz
= Q(P1 - Pz)
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dw
(2) Mechine work: Turbine ot =-Qy E;
W
Pump L =+Qy Ep
dt
where E; = energy extracted by turbine per unit weight of fluid

Ep = energy added by pump per unit weight of fluid

aw _dE
dt — dt
=Q(P,—-P,)+(Qy Ep —Qy E7)

=Q7[P‘—P2)+Q7(Ep -Er)
y oy

P, P
o -Be )

_op|[VE g, [V
or|(5 ) ()
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Power:

P, & P, v,
—+z;+_-+Ep=-*+2,+ _*+E;| Work-Energy Equation
4 2 4 29

J
Qy (Eror Ep)g
1000

= kW (kilo watt)
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&
p.t :{dz = Piia:

6. 3-D Euler's Equation

e_

in Flowfield /zzy L
X
gl I e
S dw
2
Dy Awaxs = Py

Without viscosity (No shear force)

- Only Pressure (normal stress) and gravity (body force)

oP oP

@ ZFX = deydz—(PX+de)dydz:—axdxdydz
oP oP

@) ZFy = Pydxdz—(Py+ayd y)dxdz:—ﬁydxd ydz

® z F,= Pzdxdy—[PZ +%I:dszxdy—pdxdydz- g

= —gl:dxdydz — p gdxdydz

dy

Py =P, +5dy
i

Do = Py +Zdx
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Weknow : @, —uZUyy 2, ,0u, du_Dbu
CRIOW = T Tox oy gz ot Dt
ov ov ov ov Dv

y +W—F—=—

ox oy ot ot Dt

oW ow ow ow Dw
+W—F— = ——
1704 oy oz 0Ot Dt

F=ma=(pdxdydz)a

® F,=ma, =(pdxdydz)a, = —sz xdydz

Ju Ju Ju Ju JP
pa, =plU—+V—+W—+—— [=———
ox oy o1 ot X
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oP
@ F,=ma, =(pdxdydz)a, = —a—ydxdydz

ov ov ov ov _o"i
ay

ay=plU—+V AW
Py p{ax oy 67" ot

® F,=ma, =(pdxdydz)a, =—0;ded ydz - pgdxdydz

P = PO A T ey T o T

L _ Dbu_ 5P,
BT © P =P = o PO

s pDV__OP
pay th Ay PYy
a_OW__ P P
pz_th o1 P oz P 17
4 g=0,l+0,]+0,K B 9x =9y =09, =—g
#(Euler's Eqn. FZ p[E)\t/ =-VP + pg
= It can be solved! 4 unknowns : u~v-w-P

by 3 eqns. of motion (X ~ Yy ~ z J5[H])

\' W
and 1 continuity eqn. a4 + ov oW _

—+—=0
ox o0y 01

3-D Euler’s Eqn. is an equation of motion for ideal and
incompressible fluid.

In Chapter 9, we will talk about the equation of motion
for real fluids, which is Navier-Stokes Equation.
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7. Bernoulli's Eqn. in Flowfield

Integrating 3-D Euler's eqn. for incompressible fluid and steady flow

xdx @ _1op_ u@+v@+W@
P OX ox oy o1
la"p_uﬁv ov ov

e s U—— 4V —+W—
xdy @ = 5y T Yax T ay T oz

17p ow  ow ow
xdz @ —-——— —-0=U_—+V_—+W——
p oz ox oy oz

1(20P oP oP
Z =>-——| —dx+—_—dy+-—_-dz
p\IX oy oz

ou ou ou ov ov ov
=lu—dx+v—dx+w—dXx [+| u—dy+v—dy+w—dy
X oy oz X oy oz
+ ua—wdz+va—wdz+wa—wdz +gdz
X oy oz "

)
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+ vﬂdx+uﬂdy + w@dx+u5—wdz + wﬂdy+vé’—wdz +gdz
oy X oz X oz oy
2 2 2
ST RIS Ul Y | AL (udy—vdx)|+ ow _ov (vdz—wdy)
2 2 2 ox oy ay 0z
o[ 2u_ow (wdx—udz)|+gdz
\dz X

[ 1) dpP d(u2+v2+W2)
X— =D ——=
/4 29

g
+;[Qx(vdz—wd y)+Qy(de—udz)+Qz(udy—vdx)]+ dz

21

= Integration :

2
P4_\2/g+z =H —;I[Qx(vdz—wd y)+Qy(de—udz)+QZ(udy—vdx)]
Y

® Bernoulli's eqn. (any two points in flowfield) valid for © 4 =0 (Euler's eqn.)

@ p =const

@ steady flow
@ irrotational (Q = 0)

® If rotational > only valid when (vdz—wdy)=(wdx-udz)=(udy—-vdx)=0

dx dy dz .
= — =-—"=— (streamline equation)
u vV W

= Bernoulli's eqn. only valid along streamline in rotational flows.
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